We use an asymptotic expansion to study the behavior of installment options close to expiry. Installment options are contracts where the price is paid over the life of the option rather than as a lump sum at the time of purchase, and where the contract can be allowed to lapse at any time. Series solutions are obtained for the location of the free boundary and the price of the option.
Introduction
In the last thirty years, there has been a dramatic growth in the trading of options, which are contracts between two parties giving one party the right but not the obligation to partake in a financial transaction with the other party at or before a specified date in the future. The majority of options involve the right to buy or sell an underlying asset at a prescribed price, known as the strike or exercise price. An option carrying the right to buy an asset is a call, while the right to sell is a put. One way to classify options is according to exercise style. It is straightforward to price European options, which can only be exercised at expiry, using the Black-Scholes option pricing formula [6] . American options, which can be exercised at any time at or prior to expiry, are harder to price because the possibility of early exercise leads to a free boundary separating the region where it is optimal to hold from that where exercise is optimal. In theory, exercise should take place only on this free boundary, known as the optimal exercise boundary. This sort of free boundary problem is common in diffusion problems such as melting and solidification problems and is referred to as a Stefan problem, and a large number of studies have focused on the optimal exercise boundary for American options, and on the behavior of this boundary close to expiry, including the studies in [1, 2, 5, 13, 16, 17, 20, 21, 25] .
In addition to standard American and European options, known as vanilla options, there exist numerous exotic options, which have either unusual payoffs or some other unusual features. One exotic is the installment option, for which the purchase price is paid over the life of the option rather than at the time of purchase. To keep the contract alive, the holder must continue to pay the premiums, although he has the option of terminating the contract by halting the payments, in which case the payoff is zero. This ability to abandon the option can be viewed as an American-style early exercise feature, and leads to a free boundary problem similar to that arising for vanilla Americans.
The earliest article on a standard installment option seems to be [15] , while more recently [9, 10] considered no-arbitrage bounds and robust and static hedging for installment options. Reference [9] focused on discrete installments, but did touch on the continuous case considered here, and also presented numerical simulations, and discussed the importance of installment options. Installment options are also mentioned in [7, 14] . In [4] , we used a partial Laplace transform to derive an integral equation for the location of the free boundary for an installment option, which we solved close to expiry.
Installment options can be found embedded in other contracts, including many life insurance contracts, and are also in common use in the financing of capital projects, with some examples given in [12] , where the authors use the phrase sequential investment. One model from the world of real options is that due to [19] , in which a firm must invest in a project continuously and receives no payoff until the project is complete. While the model of [19] bears many resemblances to an installment option, it also had some differences, notably that in an installment option, if an investor ceases to pay the premiums, the option lapses, while in [19] , the project can be resumed at a later time without loss of the earlier capital outlays.
In our analysis, we will use a simple model of an installment option [35] , in which the price S of the underlying asset obeys a log-normal random walk, and the premium on the contract is paid continuously at a rate L, so in time dt the owner pays Ldt, while the project pays a continuous dividend yield to the holder. The payoff at expiry is that of a vanilla European.
The right to abandon means that the value can never be negative, and this leads to a free boundary problem, similar to that for vanilla American options. The holder of an installment option would obviously allow the contract to lapse if the expected net present value of the contract were negative, while he would continue to pay the premiums if the net expected present value were positive, and so it follows that the value of the option must be zero on the free boundary, with the investor holding the installment option on one side of the boundary and the zero portfolio on the other. In addition, we have the usual smooth pasting or high contact condition [24] that the option's delta (or derivative of its value with respect to asset price) must be continuous across the boundary. Since the zero portfolio is held on one side of the boundary, this means that the delta must be zero at the boundary.
In the present study, we will use a technique developed by Tao [26] [27] [28] [29] [30] [31] [32] [33] [34] for free boundary problems arising in melting and solidification. Tao used a series expansion in time to find the location of the moving surface of separation between two phases of a material, and in almost all of the cases he studied he found that the location of the interface was proportional to τ 1/2 , τ being the time since the two phases were first put in contact. To apply Tao's method, we will first use a change of variables [11, 35] to transform the governing equations into the heat conduction equation studied by Tao, along with a nonhomogeneous term. This approach has been taken for vanilla American options in the past [1, 2, 11, 21] . We will present our analysis for installment options in Section 2, followed by a brief discussion of our results in Section 3.
Analysis
From [35] , the price V (S,t) of an installment option is governed by the partial differential equation (PDE)
The term −L, which is not present in the usual Black-Scholes-Merton PDE [6, 23] for equity options, represents the continual input of cash via the premium: in a time dt an amount Ldt must be paid to keep the option alive. S is the price of the underlying and t the time. The risk-free rate r, the dividend yield D, and the volatility σ are assumed constant. This equation is valid for t < T, the expiration date of the option, and we will assume that the payoff of an installment option held to maturity is that of a vanilla European option, max(S − E,0) for a call and max(E − S,0) for a put, where E is the strike price of the option. It is also only valid where it is advantageous to continue to pay the premiums, and must be solved together with the appropriate boundary conditions at the free boundary, which itself is unknown and must be solved for. At the free boundary, a portfolio consisting of an installment option is exchanged for the zero portfolio. In free boundary problems such as the present study as well as vanilla American options, the conditions at the free boundary are that the value of the portfolio and its delta, or derivative with respect to stock price (∂V/∂S), must be continuous across the free boundary. The condition on the value of the portfolio is straightforward, and was discussed in Section 1, but that on the delta is less straightforward, and is known as the high contact condition of Samuelson [24] . Although there does not appear to have been a proof of the high contact condition specifically for installment options, the arguments in [24] can be extended to this case, as can the derivation in [18] of the condition for vanilla American options using the first derivative condition for a maximum point amongst possible functional forms for the free boundary. For an installment option, since the option is abandoned at the free boundary, the conditions there become
The condition on the delta (∂V/∂S) merits further comment. At expiry, where it is optimal to hold the option, (∂V/∂S) = 1 for the call and −1 for the put, yet on the free boundary we have (∂V/∂S) = 0 for τ > 0, so that there is a discontinuity in the delta. A similar discontinuity occurs for the vanilla American call with D > r and put with D < r, and it appears to be this discontinuity which leads to the logarithmic behavior. While this discontinuity is possible in the financial setting, it is unphysical, which perhaps explains why Tao [26] [27] [28] [29] [30] [31] [32] [33] [34] never encountered logarithmic behavior.
To analyze the PDE (2.1), we will use an expansion in time which is an approach due to Tao [26] [27] [28] [29] [30] [31] [32] [33] [34] , although in our case it is necessary to make a change of variables to transform (2.1) into a more standard diffusion equation together with a forcing term so that we can use Tao's method. We will proceed along the same lines as [1, 2, 11, 21] and make the change of variables S = Ee x , t = T − 2τ/σ 2 , and V (S,t) = Ev(x,τ), which leads us to the diffusion-like PDE
where k 1 = 2r/σ 2 and k 2 = 2(r − D)/σ 2 − 1 and k 3 = 2L/(Eσ 2 ). Equation (2.3) is valid provided τ > 0 and it is optimal to hold the option, and must be solved together with the payoff at expiry, v(x,0) = max(e x − 1,0) for a call and max(1 − e x ,0) for a put, and the condition on the free boundary,
At expiry the free boundary starts at S = E or equivalently x = 0. In the analysis that follows, strictly speaking (2.3) is valid only for those parameter values where it is advantageous to hold the option, so that at expiry we can only impose the initial condition on x > 0 for the call and on x < 0 for the put, and the initial condition becomes v → e x − 1 as τ → 0 for the call and v → 1 − e x as τ → 0 for the put. To tackle (2.3) and associated boundary and initial conditions, we will follow Tao and seek a series solution. While Tao expanded in powers of τ 1/2 , in the current problem, the discontinuity in the delta mentioned above means that we must include logs as well as powers of τ 1/2 in the expansion, and this seems to be the rule when there is a discontinuity in the delta at the free boundary [3, 21] . The series for v(x,τ) is therefore 5) which is the same form as for the American put with D < r considered in [21] , with ξ = xτ −1/2 /2 a similarity variable. We assume that the free boundary is located at x = x f (τ) which we also write as a series, follows that on the free boundary we have
where erfc is the complementary error function and we have used the result that as
. In our analysis, we substitute the assumed form for v(x,τ) (2.5) in the PDE (2.3) and group powers of τ 1/2 and ln(−τ). We find the following equations for the leading order terms at each power of τ 1/2 in this expansion:
(2.8)
For the installment call, it is straightforward to write the solutions to (2.8) which satisfy the initial condition that v(x,0) = max(e x − 1,0) for x ≥ 0,
(2.9)
We would mention that since we can only impose the initial condition on x > 0 for the call and on x < 0 for the put, the limit τ → 0 means that ξ → +∞ for the call and −∞ for the put. To impose the initial condition that v → e x − 1 as τ → 0 for the call, we require that τ n/2 V (n)
1 → x n /n!, and we first set e −ξ 2 = 0 and erfc(−ξ) = 2, then replace ξ by xτ −1/2 /2, and finally take the limit τ → 0.
Next, we impose the conditions (2.4) at the free boundary on (2.9). To do this, we replace x by (2.6), the series for x f (τ), using the expressions (2.7) for e −ξ 2 and erfc(−ξ) at the free boundary. This tells us that C 
(2.10)
Now that we have the leading order terms at each power of τ 1/2 (2.10), we can comment further on the discontinuity in (∂v/∂x). From (2.10), at leading order, (∂v/∂x) ∼ (1/2)erfc(−x/2τ 1/2 ) + ᏻ(τ 1/2 ), which enables us to see the discontinuity: when τ = 0, erfc(−x/2τ 1/2 ) = 2 for x > 0, while on the free boundary x f (τ), erfc(−x/2τ 1/2 ) ∼ −τ 1/2 (−2π lnτ) −1/2 . The complementary error function provides immediate smoothing of this discontinuity, as τ increases from zero.
For the next terms in the expansion, at τ n/2 /(−lnτ), we have the following equations:
It should be noted that (2.11) do not involve the leading order terms V
n . The solution at the first order is
With our expression for the free boundary (2.6), the conditions (2.4) on the free boundary applied to (2.12) become at leading order
. We now know the behavior of the free boundary in the limit τ → 0,
(2.14)
Our analysis for the call is now complete, so we now turn our attention to the installment put, for which the analysis is very similar, since of course the put and the call obey the same PDE but with different boundary conditions, and we find that the behavior of the free boundary for the installment put in the limit τ → 0 is
We note that the behavior of installment puts and calls close to expiry is very similar, with the leading order behavior in the limit τ → 0 of x f (τ) for the put being minus that for the call, so that there is an asymptotic put-call parity of sorts. This suggests that there is some sort of put-call symmetry for installment options, perhaps along the lines of that for vanilla Americans [8, 22] , and it would be interesting to find the exact forms of this symmetry for these and other American-style exotics. The problem we have considered above has a couple of interesting limits. For 0 < L < ∞, the free boundary will always start at S = E at τ = 0. If L = 0, so that no installments are paid, obviously the option should never be allowed to lapse, as the expected net present value of the contract would always be positive, so when L = 0, the free boundary will be S f (τ) ≡ 0 for the call and S f (τ) ≡ ∞ for the put. Similarly, if L = ∞, the option should always be abandoned, as the expected net present value of the contract would always be negative, so when L = ∞, the free boundary will be S f (τ) ≡ ∞ for the call and S f (τ) ≡ 0 for the put. As we take the limit L → 0+, the free boundary will always start from S = E at τ = 0, and therefore we will not recover the case L = 0 as we take the limit, and this is what is known as a singular perturbation problem. As a result of this, as pointed out by a referee, our expressions for the location of the free boundary (2.14), (2.15) are singular in the limit L → 0+. The same is true of the limit L → ∞. It follows from this that, strictly speaking, the analysis presented here is valid when L ∼ ᏻ(1).
There are several methods to tackle singular perturbation problems such as this, and these methods are invariably long and complicated, and beyond the scope of the present study, with the most popular being the method of multiple scales. With an installment option, the premium is paid continuously at a rate L, so in time dt an amount Ldt is paid. To consider the limit L → 0+, it would be necessary to add a slow time scale τ such that Ld τ ∼ ᏻ(1). If we write L = ε L, with L ∼ ᏻ(1) and 0 < ε 1, then the slow time scale would be τ = ε −1 τ, and (2.3) would become 16) where
. We would then expand v(x,τ, τ) as a series in ε, with the ε 0 term simply the value of a European option. The free boundary x f ( τ) in this case would depend on only the slow time scale τ.
Discussion
In the previous section, we used an asymptotic expansion of the governing PDE to study the behavior of installment options close to expiry, and in particular found expressions (2.14), (2.15) for the location of the free boundary, along with expressions (2.6), (2.10), (2.12) for the value of the call option in that limit. These two sets of expressions constitute the principal result of this paper. It is interesting to note that, provided L, which represents the continual input of cash in the form of installment payments, is positive, the location of the free boundary close to expiry is of the form x f (τ) ∼ τ(−lnτ), which is the same behavior as we found using an integral equation approach in [4] , and also the same as that for the American put with D < r and the American call with D > r [2, 5, 13, 16, 17, 21, 25] . This differs from the x f (τ) ∼ x 1 √ τ behavior for the American put with D > r and the American call with D < r which was also the behavior encountered most often by Tao [26] [27] [28] [29] [30] [31] [32] [33] [34] , who pioneered the method used here, in his studies of Stefan problems arising in melting and solidification. Although Tao encountered several behaviors other than the √ τ behavior, he did not come across the τ(−lnτ) behavior found both here and with American options for the parameter ranges discussed above. We suspect that this logarithmic behavior is caused by the discontinuity in (∂V/∂S) which we discussed earlier, and since this discontinuity is unphysical, Tao did not encounter it.
